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Quantifying the flow of energy within and through fluctuating nanoscale systems poses a significant
challenge to understanding microscopic biological machines. A common approach involves coarse-
graining, which allows a simplified description of such systems. This has the side effect of inducing
so-called hidden energy and entropy flows (due to sub-resolution dynamics) that complicate the
resulting thermodynamics. Here we develop a thermodynamically consistent theory describing the
nonequilibrium excess power internal to autonomous systems, and introduce a phenomenological
framework to quantify the hidden excess power associated with their operation. We confirm our
theoretical predictions in numerical simulations of a minimal model for both a molecular transport
motor and a rotary motor.
I. INTRODUCTION
The thermodynamic description of strongly fluctuating
nanoscale systems has provided a mathematical frame-
work in which to address some of the most fundamen-
tal physical aspects of microscopic biological systems [1].
Building upon general results like the fluctuation theo-
rems [2–5], the ability to quantify dissipation in stochas-
tic processes out of equilibrium has uncovered a number
of theoretical results limiting the achievable performance
of nonequilibrium systems. For instance, the thermo-
dynamic uncertainty relation [6, 7] and its generaliza-
tions [8–10] provide insight on many seemingly universal
constraints faced by nonequilibrium systems [11–16].
Fundamentally, the consistency of stochastic thermo-
dynamics relies on an assumption of timescale separa-
tion, allowing one to clearly distinguish the system from
its surroundings [17–19]. In microscopic biological sys-
tems, however, this separation becomes blurred, as there
are often a number of comparable timescales relevant to
a given problem.
As a result, it is common to model biomolecular sys-
tems as consisting of multiple strongly interacting sub-
systems. For instance, the molecular machine FoF1-ATP
synthase (producing the majority of the cellular energy
currency ATP) exhibits strong coupling between the pas-
sage of protons through the mitochondrial membrane,
the mechanical rotation of a central crankshaft, and the
production of ATP [20]. In fact, the chemical and me-
chanical aspects of the motor are inseparable from one
another, both being necessary to understand the dynam-
ics of the machine [21]. This strong coupling between
chemical and mechanical processes is ubiquitous among
molecular machines [22, 23].
In practice, the description of such systems is often
simplified through the use of a coarse-graining proce-
dure, whereby the state space of the full mechanochemi-
cal system is projected onto a smaller set of mesostates,
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each aggregating several (unresolvable) microstates [17].
Here, the observed dynamics of a molecular machine con-
sists of large jumps, interleaved with small-scale fluc-
tuations [24]. The large jumps are often taken to in-
dicate a chemical reaction—producing an instantaneous
change in the energy potential experienced by the molec-
ular machine—and the full dynamics can then be mapped
onto a discrete-state Markov jump model [1, 25]. The
observed chemical rates are then used to understand the
thermodynamic properties (and functional capabilities)
of the mechanochemical machine. However, such an ap-
proach by its very nature ignores so-called hidden contri-
butions to thermodynamic quantities—such as internal
energy flows—arising due to the mechanical dynamics
at sub-mesostate resolutions [26]. Such internal energy
flows play an important role in understanding the inter-
actions between the subcomponents of the molecular ma-
chine, and have been used to aid in identifying reaction
coordinates in biomolecular dynamics [27].
Independent of such models, much research seeks to
understand energy flows into nonequilibrium systems
from a time-dependent external perturbation [28–30].
These efforts have largely been restricted to determinis-
tic driving protocols—like those typically seen in single-
molecule experiments [31–36]—but have recently been
generalized to more closely parallel the in vivo dynamics
of molecular machines [37–40]. However, as of yet, none
of these control-theoretical approaches to quantifying en-
ergy flows within nanoscale nonequilibrium systems have
fully appreciated the essential inter-system feedback that
is necessary in fully autonomous systems [41–43].
In this article, we develop a thermodynamically com-
plete phenomenological method for quantifying the hid-
den excess power in strongly coupled nonequilibrium sys-
tems. The hidden excess power represents an energy
flow communicated between the components of a strongly
coupled system, and—unconstrained by the usual form of
the second law—can become negative [41]. Such negative
excess power is a signature of a fully autonomous Maxwell
demon, achieving net flow of heat from the reservoir into
a subsystem—where it is transduced into work—as a re-
sult of its strong coupling with another driven subsystem.
We find that the hidden excess work per chemical tran-
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2sition can be decomposed into two contributions, the
timescale-separated (TSS) excess work (8)—the contri-
bution to the excess work in the asymptotic TSS limit—
and the nonequilibrium excess work, which is the ad-
ditional contribution to the excess work when the me-
chanical states remain out of equilibrium at steady state.
The hidden excess power (the excess work per chemical
transition, averaged over the coarse-grained dynamics) is
typically not easily calculable, as it requires information
about hidden states. However, we provide a leading-
order approximation of both the TSS excess work (11)
and nonequilibrium excess work (12) which require only
minimal information about the hidden-state dynamics.
We demonstrate the utility of these approximations in
two model systems, representing minimal models of lin-
ear and rotary mechanochemical molecular machines.
II. COARSE-GRAINED REPRESENTATIONS
OF MECHANOCHEMICAL SYSTEMS
Molecular machines often couple mechanical motion
to chemical reactions, for instance in kinesin [44] and
F1-ATP synthase [45]. Thus their dynamics can be de-
scribed by two coupled coordinates x and λ, representing
the state of mechanical and chemical subsystems [21, 23].
Each chemical state λ induces a particular potential-
energy landscape E(x|λ) on the mechanical subsystem
such that, in the absence of any chemical changes, the
mechanical subsystem relaxes to a conditional equilib-
rium distribution
pi(x|λ) = e−βE(x|λ)+βF (λ) , (1)
with β ≡ (kBT )−1 the inverse temperature of the heat
bath and F (λ) ≡ − ln ∫ exp {−βE(x|λ)} dx the condi-
tional equilibrium free energy given the fixed chemical
state λ.
The chemical and mechanical subsystems evolve
stochastically, with joint transition (λi,x
′) → (λj ,x)
occurring at rate Rx,x
′
ji . We further assume that the
joint dynamics are bipartite, so that no simultaneous
transitions in both x and λ occur. Thus Rx,x
′
ji = 0
when both j 6= i and x 6= x′. Thermodynamically
consistent mechanochemical dynamics—relaxing to the
correct equilibrium distribution in the absence of any
chemical driving (though producing nonequilibrium dy-
namics for nonzero chemical driving)—require that the
chemical transition rates satisfy generalized detailed bal-
ance [46, 47],
Rxji
Rxij
= e−β∆Gji(x) , (2)
where Rxji ≡ Rx,xji indicates the rate of chemical transi-
tion λi → λj at fixed mechanical state x, ∆Gji(x) =
∆µji+ ∆Eji(x) is the change in free energy during tran-
sition λi → λj , with ∆µji and ∆Eji(x) ≡ E(x|λj) −
E(x|λi) the associated respective changes in chemical po-
tential and microstate energy for the transition λi → λj .
We consider transition rates obeying (2) of the general
form
Rxji = Γchem exp
{− 12β [∆µji + E(x|λj)− E(x|λi)]} ,
(3)
where Γchem is a kinetic prefactor (with dimensions of
inverse time) that quantifies the bare rate of chemical
transitions in the absence of any differences in energy or
chemical potential between states.
We view the chemical dynamics as a coarse-grained
representation of the mechanochemical system by defin-
ing coarse-grained states (mesostates) that aggregate all
mechanical states at a given chemical state λi, and their
corresponding coarse-grained transition rates Vji(t) ≡∫
Rxji p(x, t|λi)dx, for conditional probability p(x, t|λi)
over mechanical states within a given mesostate [17]
(see App. A). Vji(t) is generally time-dependent due to
the conditional microstate distribution p(x, t|λi), but is
time-independent when the mechanical dynamics are at
steady state.
In the TSS limit, where at steady state the conditional
distribution p(x|λ) of mechanical states is the condi-
tional equilibrium distribution pi(x|λ) (1), the dissipa-
tion (entropy production) of the joint system is fully de-
termined by the coarse-grained dynamics [17]. However,
even in this limit, there are internal flows of energy and
information between the mechanical and chemical sub-
systems [41].
III. HIDDEN EXCESS WORK IN MOLECULAR
MACHINES
Here, we provide a method to quantify the hidden con-
tributions to the excess power in a coarse-grained system,
by viewing the hidden mechanical subsystem as being
driven by the stochastic chemical dynamics.
The flow of energy between the chemical and mechan-
ical subsystems can be quantified by the average work
〈βW 〉ji = β
∫
∆Eji(x) p
sw
ji (x) dx (4)
done on the mechanical subsystem by the chemical dy-
namics during transition λi → λj . The average is over
the switching-position distribution pswji (x) of mechanical
states x from which the chemical transition λi → λj oc-
curs [41], which in general depends on the dynamics of
both the chemical and mechanical subsystems.
The average excess work is 〈βWex〉ji ≡ 〈βW 〉ji −
β∆Fji, for change ∆Fji ≡ F (λj)− F (λi) in conditional
equilibrium free energy upon the chemical transition. At
steady state, the average rate of excess work (the ex-
cess power) on the mechanical subsystem is expressed in
terms of coarse-grained rates as
〈βPex〉Λ→X ≡
∑
i,j
PiVji〈βWex〉ji . (5)
3Pi is the probability of the mesostate with chemical state
λi, and angle brackets 〈· · · 〉Λ→X indicate an average over
the dynamics of the chemical subsystem Λ and mechan-
ical subsystem X.
Motivated by the approach to discrete control proto-
cols in Ref. [38], we decompose the average excess work
for transition λi → λj into two components,
〈βWex〉ji = 〈βWTSSex 〉ji + 〈βW neqex 〉ji , (6)
where 〈βWTSSex 〉ji is the excess work in the timescale-
separated (TSS) limit where the mechanical subsys-
tem fully equilibrates between chemical reactions, and
〈βW neqex 〉ji is the nonequilibrium excess work quantify-
ing the additional work beyond the TSS work due to the
mechanical subsystem being out of equilibrium.
A. TSS excess work
For the transition rates in (3), the timescale-separated
switching-position distribution is the normalized geomet-
ric mean of the conditional equilibrium distributions at
λi and λj ,
pswji (x) =
√
pii(x)pij(x)
Zswji
, (7)
where pii(x) ≡ pi(x|λi), and Zswji ≡
∫ √
pii(x)pij(x) dx
normalizes the distribution. In information theory, Zswji
is the Bhattacharyya coefficient [48], a measure of the
difference between two probability distributions. Insert-
ing (7) into (4) and subtracting the free energy difference
∆Fji gives an exact relation for the TSS excess work (see
App. B),
〈βWTSSex 〉ji =
1
Zswji
∫ √
pii(x)pij(x) ln
pii(x)
pij(x)
dx (8a)
= D
(√
piipij ||pij
)−D (√piipij ||pii) , (8b)
for relative entropy D(p||q) ≡ ∫ p(x) ln p(x)q(x) dx between
two distributions [49]. Intuitively, the TSS excess work
quantifies the increase in additional free energy of the
switching-position distribution pswji (x) through the chem-
ical reaction λi → λj [50]. (Eq. (8b) was also derived
for master-equation dynamics for a general switching-
position distribution in [41].)
The TSS excess work is antisymmetric under index ex-
change, 〈βWTSSex 〉ji = −〈βWTSSex 〉ij , and thus the TSS
excess power (5) (obtained by averaging the transition-
specific excess work over coarse-grained dynamics) is
〈βPTSSex 〉Λ→X =
∑
i<j
(PiVji − PjVij) 〈βWTSSex 〉ji . (9)
Thus, even for nonzero 〈βWTSSex 〉ji for chemical transition
λi → λj , the associated hidden excess power averaged
over transitions in each direction vanishes when there is
no net chemical flux (PiVji = PjVij). This occurs, for in-
stance, when there is no chemical driving (∆µ = 0), and
is a direct result of the autonomous nature of the sys-
tem, exemplifying the essential importance of requiring
the rates (3) to satisfy local detailed balance (2).
The TSS excess work further simplifies in the small-∆λ
limit, where Taylor expanding (8a) produces (see App. C)
〈βWTSSex 〉ji ≈
1
4!
Sm`k(λi)∆λmji∆λ`ji∆λkji , (10)
where ∆λkji is the change in the kth component of the
chemical state vector λ during the transition λi → λj ,
and the rank-3 tensor
Sm`k(λ) = 〈δfmδf`δfk〉λi , (11)
is the third centered moment of conjugate forces fk ≡
−∂λkE(x|λ). Here, we use an Einstein summation nota-
tion, where repeated indices are implicitly summed over.
In contrast, the analogous infinite-time excess work in
[38] is second order in ∆λ and uses the force variance
〈δfmδfk〉λi instead of the third centered moment. Here,
the feedback of the mechanical subsystem on the chem-
ical dynamics results in cancellation of the second-order
terms.
B. Nonequilibrium excess work
In the small-∆λ limit, linear-response theory provides
a simple approximation for the nonequilibrium excess
work 〈βW neqex 〉ji. In particular, if upon the chemical tran-
sition λi → λj , the corresponding change in the me-
chanical energy landscape E(x|λi) → E(x|λj) is small,
E(x|λj) is well approximated by a first-order Taylor ex-
pansion about λi. We additionally assume a moderate
timescale separation between the mechanical and chemi-
cal dynamics, such that the relaxation time of the conju-
gate forces fk is significantly shorter than the chemical-
state dwell time. This constraint is weaker than the
timescale-separation limit typically considered in coarse-
graining, where the hidden states are assumed to relax in-
finitely faster than the chemical dynamics and thus equi-
librate fully [17].
Under these assumptions, the leading-order contribu-
tion to the nonequilibrium excess work during chemical
transition λi → λj is (see App. D)
〈βW neqex 〉ji ≈ βΓjiζkk′(λi)∆λkji
∑
s PsVis∆λ
k′
is
Vi∗
. (12)
Γji ≡ Γchem exp
{− 12β∆µji}, Vi∗ ≡∑s PsVis is the total
rate of chemical transitions entering λi, and the summa-
tion index s runs over all chemical states. ζkk′(λ) ≡
β
∫∞
0
〈δfk(0)δfk′(t)〉λ dt is the generalized friction ten-
sor [30] that quantifies the leading-order dissipation due
to nonequilibrium driving by a deterministic control pro-
tocol. Equation (12) quantifies the nonequilibrium excess
4work using information about the coarse-grained dynam-
ics and the friction tensor ζkk′(λ), which is determined
from the hidden states’ equilibrium fluctuations.
At steady state, the excess power by the chemical dy-
namics on the mechanical subsystem averages over the
coarse-grained transitions,
〈βPex〉Λ→X =
∑
i,j
VjiPi
[〈βWTSSex 〉ji + 〈βW neqex 〉ji] .
(13)
The near-equilibrium expressions for the TSS (8) and
nonequilibrium excess work (12) in terms of con-
ditional equilibrium averages permits estimation of
the excess power in experimental investigation of au-
tonomous mechanochemical molecular machines: the
low-resolution observations of hidden-state fluctuations
it requires are more tractable than inferring the full
mechanochemical dynamics of the motor [51, 52].
IV. MODEL SYSTEMS
We illustrate our theoretical predictions by investigat-
ing the hidden excess power in two model systems, rep-
resenting linear-transport and rotary molecular motors.
In both cases, the chemical coordinate evolves on a dis-
crete, one-dimensional lattice, with only nearest-neighbor
transitions having rates given by (3). The mechani-
cal coordinate x (θ in the rotary model) diffuses in a
one-dimensional energy landscape E(x|λ) (E(θ|λ)) deter-
mined by the instantaneous chemical state λ. Figure 1
shows a schematic of both model systems.
In the linear-transport motor, the TSS excess work (8)
is zero, thus serving as a model to isolate the nonequilib-
rium excess work (12). Conversely, for the rotary motor
we analyze its excess work in the TSS limit where the
nonequilibrium excess work is zero, thereby isolating the
effects of the TSS excess work (8).
A. Linear-transport motor
The linear-transport motor has a one-dimensional me-
chanical degree of freedom subject to a harmonic poten-
tial E(x|λi) = 12ktrap(x − λi)2, with the instantaneous
chemical state λi determining the potential minimum.
Figure 1a-b shows a schematic.
The equilibrium mechanical distributions for consecu-
tive chemical states are only distinguished by their mean
λi, so we observe the system in a comoving frame by
changing mechanical coordinate to the relative position
x − λi. This reference frame has a steady-state distri-
bution for time-independent transition rates (3) and uni-
form fixed ∆µi+1,i = ∆µ < 0 biasing the machine to (on
average) move forward. Here, the generalized friction is
uniform and equals the viscous friction, ζ = γ, and the
steady-state coarse-grained forward and reverse rates V±
(a)
(b) (c)
(d) (e)
· · · · · ·
λi−1 λi λi+1
E
(x
|λ)
x
E
(θ
|λ)
θ
p
(x
|λ)
x
p
(θ
|λ)
θ
λiλi−1 λi+1
psw+p
sw
−
pii
λiλi−1 λi+1
FIG. 1. Schematic of model mechanochemical ma-
chines. (a) Chemical reaction diagram, an infinite one-
dimensional lattice of chemical states. (b-c) Conditional
energy landscapes for (b) linear E(x|λ) and (c) rotary
E(θ|λ) models. (d-e) Equilibrium distribution (black) and
forward/reverse equilibrium switching-position distributions
(solid green/orange) for λi (blue state in (b-c)) for (d) linear
and (e) rotary models. Dashed curves in (d) indicate nonequi-
librium switching-position distributions for net chemical flux
towards higher-index λ (to the right in (a)).
and probabilities Pi are uniform. Equation (12) approxi-
mates the steady-state nonequilibrium excess work, sim-
plifying in this case to (App. D)
〈βW neqex 〉∆λ ≈ βζ∆λ2
(V+ − V−) (V+Γ+ − V−Γ−)
(V+ + V−)
2 . (14)
Here, the nonequilibrium excess work depends on the
chemical driving ∆µ through both the coarse-grained
chemical rates V± ∝ exp
{± 12β∆µ} (following from their
dependence on microscopic transition rates Rxji and (3))
and the energy-independent rate Γ± ∝ exp
{± 12β∆µ}.
Figure 2 compares the theoretical predictions (14) with
numerical results, showing good agreement in the small-
∆λ limit.
B. Rotary motor
Next, we consider the Kawaguchi-Sasa-Sagawa (KSS)
model of F1-ATPase [45]. Here, the rotational angle θ of
F1-ATPase’s crankshaft evolves in the potential of mean
510−1 100
10−2
10−1
100
〈β
W
n
eq
ex
〉∗
∆λ∗ = 1/4
Simulation
Theory
10−1 100
−β∆µ
∆λ∗ = 1/2
10−1 100
∆λ∗ = 1
FIG. 2. Nonequilibrium excess work for linear-
transport motor. Nonequilibrium excess work 〈βW neqex 〉∗ ≡
〈βW neqex 〉/(βΓζ∆λ2), as a function of forward chemical-
potential bias −β∆µ, for numerical simulation (dots) or ap-
proximate theory (14) (black dashed line). Different panels
show different step sizes, non-dimensionalized by the equilib-
rium standard deviation σx = 1/
√
βktrap of the mechanical
coordinate at fixed λ: ∆λ∗ ≡ ∆λ/σx.
force (PMF)
βEKSS(θ|λi) = 12βkc (θ − λi)2 (15)
− ln
[
eβkcφ(θ−λi) + eβ∆ES+
1
2βkcφ
2
]
,
arising from fast switching between two harmonic poten-
tials, each with stiffness kc, with angular offset φ and
energetic offset ∆ES. Figure 1a,c shows a schematic.
Unlike the (purely harmonic) linear-transport model
(Sec. IV A), for ∆ES 6= 0 and φ 6= 0 this potential is
asymmetric in θ, generally producing non-zero TSS ex-
cess work (8b). To isolate the effects of the nonzero TSS
excess work, we consider this model in the TSS limit,
where the mechanical subsystem comes to conditional
equilibrium between each chemical transition, and the
nonequilibrium excess work (12) vanishes.
Figure 3 compares the exact TSS excess work
〈βWTSSex 〉Fw per forward step (8) with its leading-order
approximation (10), as a function of the energy offset
∆ES. For small (but nonzero) energy offset ∆ES, the
switching-position distribution (7) for forward steps is
heavily concentrated in the right minimum of the po-
tential (Fig. 1e), where for positive (negative) ∆ES the
changes in energy of the mechanical state θ upon the
chemical transition are positive (negative). For large-
magnitude offsets |∆ES|, the potential becomes effec-
tively harmonic, and thus the TSS work (8) vanishes.
For smaller ∆λ/φ and lower βkc, the TSS excess work
approximation (10) agrees well with the exact calcula-
tion (8). For large step sizes and stronger spring con-
stants, the approximation in (10) begins to break down.
At the level of the (driven) mechanical subsystem, neg-
ative TSS excess work indicates net heat flow from the
thermal reservoir into the mechanical subsystem and on-
ward as work extracted by the chemical dynamics. The
strong coupling between mechanical and chemical sub-
systems ensures thermodynamic consistency by a com-
pensating heat flow from the chemical subsystem to the
−1
0
1
∆λ∗ = 3/16
Exact
Approx.
∆λ∗ = 3/4
β
k
c
=
5
∆λ∗ = 3
−1
0
1
〈β
W
T
S
S
ex
〉∗ Fw βk
c
=
10
−15 0 15
−1
0
1
−15 0 15
Energy offset β∆ES
−15 0 15
β
k
c
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20
FIG. 3. TSS excess work for a rotary motor. TSS work
〈βWTSSex 〉∗Fw ≡ 〈βWTSSex 〉Fw/max∆ES〈βWTSSex 〉Fw per forward
step, as a function of energy offset ∆ES (nondimensionalized
by the angular offset between minima), for several chemical
step sizes ∆λ∗ ≡ ∆λ/φ (columns) and spring constants βkc
(rows). Colored solid curves: exact; dashed curves: small-∆λ
approximation (10).
thermal reservoir that rescues what would otherwise be
a violation of the second law [42, 43]. In such circum-
stances, the chemical dynamics operate as a fully au-
tonomous Maxwell demon, effectively using the informa-
tion gleaned through strong coupling to the mechanical
subsystem to transduce heat from the bath into extracted
work.
V. DISCUSSION
In this article, we present a phenomenological for-
malism to estimate the hidden excess power internal
to coarse-grained autonomous nonequilibrium systems,
which only requires the coarse-grained chemical dynam-
ics and minimal information about the hidden mechanical
dynamics. This theoretical framework provides a means
to estimate the hidden energy flows within molecular ma-
chines without explicitly modeling their microscopic dy-
namics.
We identify two distinct contributions to the hidden
excess work: the TSS excess work (8)—which persists in
the TSS limit, when between chemical reactions the hid-
den mechanical subsystem fully relaxes to a conditional
equilibrium—and the nonequilibrium excess work (12),
which is the additional energetic cost due to the mechan-
ical subsystem being out of equilibrium.
The exact TSS excess work 〈βWTSSex 〉ji for a particular
chemical transition is the difference between two relative
entropies (8), and can be interpreted as quantifying the
6concomitant change of the additional free energy in the
mechanical subsystem [41]. Unlike the analogous infinite-
time excess work in [38], the TSS excess work for any
particular transition can be either positive or negative.
This is consistent with findings in Ref. [41], where we
showed that—due to the strong coupling between the
mechanical and chemical subsystems—the excess power
〈βPex〉Λ→X (the rate of excess work, averaged over all
coarse-grained transitions) is not, in itself, constrained
by the second law, and thus can become negative.
We also identify a phenomenological expression that
approximates (to leading order in ∆λ) the TSS work of
the chemical dynamics on the mechanical system by the
third centered moment of the conditional equilibrium dis-
tribution of conjugate forces (11). This is in contrast to a
similar expansion of the infinite-time excess work in [38]
that is second-order in ∆λ and uses the force variance
in place of the third moment in (11). Here, feedback
from the mechanical subsystem to the chemical dynam-
ics leads to exact cancellation of terms second-order in
∆λ. Additionally, in the moderate timescale-separated
limit (Sec. III B), the nonequilibrium excess work is de-
termined by the generalized friction tensor (12), which
can be inferred through observations of equilibrium force
fluctuations.
Our theoretical framework can be used as a tool in
experimental studies of molecular machines to better un-
derstand excess power in autonomous systems. In par-
ticular, recent experiments on kinesin [51] and F1 AT-
Pase [52] have used their mechanical fluctuations to in-
fer hidden entropy production; these measurements could
also be used to calculate both the TSS excess work and
nonequilibrium excess work.
Furthermore, the identification of negative steady-
state excess power has an interesting physical interpreta-
tion, providing a signature of Maxwell-demon behavior in
the mechanochemical machine [42]. Specifically, negative
excess power means that, on average, there is net heat
flow from the reservoir into the subsystem being driven.
We showed an example of this with the TSS excess work
in the rotary model system (Sec. IV B), and analogous be-
havior was recently found in a similar bistable potential
in Ref. [41]. Our framework provides a tractable method
to measure this quantity, and can be used to identify such
information-thermodynamic features in biological molec-
ular machines.
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Appendix A: Coarse-grained representations of
mechanochemical systems
For a mechanochemical system with discrete chemical
state λ and continuous mechanical state x, the dynamics
of the joint probability pj(x) for system state (λj ,x) is
governed by the master equation [53]
dtpj(x) =
∑
i
∫
x′
Rx,x
′
ji pi(x
′)dx′ . (A1)
Rx,x
′
ji is the rate of transitions between the joint states
(λi,x
′) → (λj ,x), and the summation runs over all
chemical states λi. Writing the joint probability as
pj(x
′) = Pj p(x′|λj)—where Pj ≡
∫
x
pj(x)dx is the
marginal distribution of chemical state λj—gives
dtpj(x) =
∑
i,j
Pi
∫
x′
Rx,x
′
ji p(x
′|λi)dx′ . (A2)
Integrating over mechanical states x gives the equation
of motion for the coarse-grained mesostates,
dtPj =
∑
i,j
Pi
∫
x
∫
x′
Rx,x
′
ji p(x
′|λi)dx′dx . (A3)
Further constraining the joint dynamics to be bipartite
(so there are no simultaneous transitions in both x and
λ and thus Rx,x
′
ji = 0 if j 6= i and x 6= x′), the coarse-
grained master equation simplifies to
dtPj =
∑
i,j
Pi
∫
x
Rxjip(x|λi)dx (A4a)
=
∑
i,j
VjiPi , (A4b)
where Rxji ≡ Rx,xji is the bipartite transition rate at fixed
mechanical state x, and Vji ≡
∫
x
Rxjip(x|λi)dx is the
coarse-grained rate, the observed transition rate of λi →
λj if the mechanical states are hidden [17].
Appendix B: Excess work in timescale-separated
autonomous systems
Here we consider the contribution to the excess work of
an autonomous chemically driven mechanical subsystem
in the timescale-separated (TSS) limit. In this context,
chemical transitions λi → λj induce an instantaneous
change in the energy landscape E(x|λ) governing the
dynamics of mechanical subsystem x. By assumption, in
the TSS limit, before each chemical transition occurs the
mechanical subsystem is at equilibrium, with microstates
distributed as
pii(x) = e
−βE(x|λi)+βF (λi) . (B1)
The work performed by the chemical dynamics when the
particular transition λi → λj occurs is
〈WTSS〉ji =
∫
[E(x|λj)− E(x|λi)] pswji (x)dx , (B2)
where the angle brackets 〈· · · 〉ji indicate an average over
the equilibrium switching-position distribution pswji (x),
namely the distribution of positions from which the
chemical transition λi → λj occurs.
When the chemical dynamics are independent of the
mechanical state, the switching-position distribution is
simply the equilibrium distribution (B1), and the aver-
age TSS work reduces to the infinite-time work from [38].
In this case, the excess work associated with a discrete
change in the energy landscape is the relative entropy be-
tween the adjacent equilibrium distributions (Eq. (8) in
[38]). However, for an autonomous system that obeys mi-
croscopic reversibility, the chemical transition rates must
obey generalized detailed balance (2), and the switching-
position distribution in general differs from the equilib-
rium distribution. For the rates (3) considered in the
main text, the switching-position distribution is the nor-
malized product of the equilibrium distribution and the
chemical transition rate:
pswji (x) ≡
1
Zswji
pii(x)e
− 12β[E(x|λj)−E(x|λi)] , (B3)
where Zswji is the normalization constant, which contains
the prefactors of the rate expression (3). Inserting the
equilibrium distribution (B1) gives
pswji (x) =
1
Zswji
e−βE(x|λi)−
1
2β[E(x|λj)−E(x|λi)] (B4a)
=
1
Zswji
e−
1
2β[E(x|λi)+E(x|λj)] (B4b)
=
1
Zswji
√
piipij , (B4c)
the normalized geometric mean of the equilibrium distri-
butions at λi and λj . The normalization factor is
Zswji =
∫ √
piipij dx . (B5)
(To simplify notation, we suppress the explicit x-
dependence of the equilibrium distributions pii through-
out this appendix.)
9Substituting in (B2) the energies in terms of the cor-
responding equilibrium probabilities,
βE(x|λi) = − lnpii(x) + βF (λi) , (B6)
and the equilibrium switching-position distribu-
tion (B4c), the TSS work becomes
〈βWTSS〉ji = 1Zswji
∫ √
piipij ln
pii
pij
dx+ β∆Fji , (B7)
where ∆Fji ≡ F (λj)− F (λi) is the equilibrium free en-
ergy difference between chemical states λi and λj . Thus
the excess work is
〈βWTSSex 〉ji ≡ 〈βWTSS〉ji− β∆Fji (B8a)
=
1
Zswji
∫ √
piipij ln
pii
pij
dx . (B8b)
The transition-specific TSS excess work also equals a
difference between relative entropies:
〈βWTSSex 〉ji =
1
Zswji
∫ √
piipij ln
pii
pij
dx (B9a)
=
1
Zswji
∫ (
ln
√
piipij
pij
− ln
√
piipij
pii
)√
piipij dx
(B9b)
= D
(√
piipij ||pij
)−D (√piipij ||pii) . (B9c)
Appendix C: Expansion of the TSS work
While the expressions for the TSS excess work in (8)
are exact, it is convenient to examine limiting cases so as
to approximate the excess work in terms of equilibrium
averages. For instance, the expansion of the relative en-
tropy in [38] shows that, for small ∆λ, the conjugate-
force variance can be used to approximate the excess
work associated with a discrete transition, when the dis-
crete transitions are independent of the mechanical state
x. Here, we proceed similarly, Taylor expanding the in-
tegrand of (8a) in ∆λ. To start we define
g(x,λi,λj) ≡ √piipij ln pii
pij
, (C1)
the integrand of (8a), where we omit the explicit x-
dependence of the equilibrium distribution pii. For small
steps ∆λji = λj−λi, we Taylor expand (C1) in λj about
λi,
g(x,λi,λj) ≈ g(x,λi,λi) +
[
∂λkj g(x,λi,λj)
]
λki
∆λkji
+
1
2
[
∂2λ`jλkj
g(x,λiλj)
]
λki λ
`
i
∆λkji∆λ
`
ji (C2)
+
1
3!
[
∂3λmj λ`jλkj
g(x,λi,λj)
]
λki λ
`
iλ
m
i
∆λkji∆λ
`
ji∆λ
m
ji
+O(∆λ4ji) ,
where ∂λkj g(x,λi,λj) ≡ ∂∂λk
j
g(x,λi,λj) is the partial
derivative of g(x,λi,λj) with respect to the kth com-
ponent of the λ vector, and [· · · ]λki indicates that the
argument is evaluated at λkj = λ
k
i . We have also made
use of Einstein summation notation, where repeated in-
dices are implicitly summed over.
The first RHS term is
g(x,λi,λi) = pii(x) ln
pii(x)
pii(x)
= pii ln 1 = 0 . (C3)
The RHS first-derivative term in (C2) is
∂λkj g(x,λi,λj)
=
(
∂λkj
√
piipij
)
ln
pii
pij
+
√
piipij
(
∂λkj ln
pii
pij
)
(C4a)
=
1
2
(
∂λkj pij
)√pii
pij
ln
pii
pij
−√piipij 1
pij
(
∂λkj pij
)
(C4b)
which when evaluated at λkj = λ
k
i gives[
∂λkj g(x,λi,λj)
]
λki
=
1
2
[
∂λkj pij
]
λki
ln 1−
[
∂λkj pij
]
λki
(C5a)
= −
[
∂λkj pij
]
λki
(C5b)
.
Substituting (C4) into the RHS second-derivative term
of (C2) gives
∂λkj ∂λ`j
[√
piipij ln
pii
pij
]
(C6)
= ∂λ`j
[
1
2
(
∂λkj pij
)√pii
pij
ln
pii
pij
−
√
pii
pij
(
∂λkj pij
)]
.
The second RHS term,
∂λ`j
[√
pii
pij
(
∂λkj pij
)]
=
(
∂λkj
√
pii
pij
)(
∂λkj pij
)
+
√
pii
pij
(
∂2λ`j ,λkj
pij
)
(C7a)
= −1
2
√
pii
pi3j
(
∂λ`jpij
)(
∂λkj pij
)
+
√
pii
pij
(
∂2λ`jλkj
pij
)
,
(C7b)
evaluated at λkj = λ
k
i and λ
`
j = λ
`
i gives
∂λ`j
[√
pii
pij
(
∂λkj pij
)]
(C8)
= − 1
2pii
[
∂λ`jpij
]
λ`i
[
∂λkj pij
]
λki
+
[
∂2λ`jλkj
pij
]
λki λ
`
i
.
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The first RHS term of (C6),
∂λ`j
[
1
2
(
∂λkj pij
)√pii
pij
ln
pii
pij
]
= (C9)
1
2
√
pii
pij
ln
(
pii
pij
)(
∂2λ`jλkj
pij
)
− 1
2
(
∂λ`jpij
)(
∂λkj pij
)√ pii
pi3j
− 1
4
(
∂λ`jpij
)(
∂λkj pij
)√ pii
pi3j
ln
pii
pij
evaluated at λkj = λ
k
i and λ
`
j = λ
`
i gives
∂λ`j
[
1
2
(
∂λkj pij
)√pii
pij
ln
pii
pij
]
λki λ
`
i
=
1
2
[
∂2λ`jλkj
pij
]
λ`iλ
k
i
ln 1− 1
2pii
[
∂λkj pii
]
λki
[
∂λ`jpij
]
λ`i
− 1
4pii
[
∂λkj pii
]
λki
[
∂λ`jpij
]
λ`i
ln 1 (C10a)
= − 1
2pii
[(
∂λkj pij
)(
∂λ`jpij
)]
λki λ
`
i
. (C10b)
Substituting (C8) and (C10) into (C6) gives
∂2λ`jλkj
[√
piipij ln
pii
pij
]
λ`iλ
k
i
= −
[
∂2λ`jλkj
pij
]
λ`iλ
k
j
. (C11)
Substituting (C11), (C5), and (C3) into (C2) gives the
O(∆λ2) approximation of g(x,λi,λj):
g(x,λi,λj) ≈−
[
∂λkj pij
]
λki
∆λkji (C12)
− 1
2
[
∂2λ`jλkj
pij
]
λ`iλ
k
i
∆λkji∆λ
`
ji +O(∆λ3) .
Both derivatives of pij vanish upon integration over x:∫
∂λkj pij dx = ∂λkj
∫
pij dx = 0 (C13a)∫
∂2λ`jλkj
pij dx = ∂λ`j∂λkj
∫
pij dx = 0 , (C13b)
indicating that 〈βWTSSex 〉ij is third order in ∆λ: in con-
trast to the discrete-control TSS excess work in [38], the
second-order term vanishes.
Substituting (C7) and (C9) into (C6) and differentiat-
ing gives the third-derivative term in (C2):
∂3λmj λ`jλkj
[√
piipij ln
pii
pij
]
= (C14)
∂λmj
[(
∂2λ`jλkj
pij
)√pii
pij
φji − 1
4
(
∂λ`jpij
)(
∂λkj pij
)√ pii
pi3j
ln
pii
pij
]
.
We have defined
φji ≡ 1
2
ln
pii
pij
− 1 , (C15)
such that
∂λmj φji = −
1
pij
(
∂λmj pij
)
, (C16)
and at λj = λi, φji = −1 and ∂λmj φji = − 12pii [∂λmj pij ]λmi .
Thus the first RHS term of (C14) is
∂λmj
[(
∂2λ`jλkj
pij
)√pii
pij
φji
]
=
(
∂3λmj λ`jλkj
pij
)√pii
pij
φji +
(
∂2λ`jλkj
pij
)(
∂λmj φji
)√pii
pij
− 1
2
(
∂2λ`jλkj
pij
)(
∂λmj pij
)√ pii
pi3j
φji (C17a)
= −
[
∂3λmj λ`jλkj
pij
]
λmi λ
`
iλ
k
i
, λj = λi . (C17b)
The second RHS term of (C14) is
∂λmj
[(
∂λ`jpij
)(
∂λkj pij
)√ pii
pi3j
ln
pii
pij
]
=
(
∂2λmj λ`j
pij
)(
∂λkj pij
)√ pii
pi3j
ln
pii
pij
+
(
∂λ`jpijpij
)(
∂2λmj λkj
pij
)√ pii
pi3j
ln
pii
pij
(C18a)
− 1
3
(
∂λmj pij
)(
∂λ`jpij
)(
∂λkj pii
)√ pii
pi5j
ln
pii
pij
−
(
∂λmj pij
)(
∂λ`jpij
)(
∂λkj pii
)√ pii
pi5j
= − 1
pi2i
[
∂λmj pij
]
λmj
[
∂λ`jpij
]
λ`j
[
∂λkj pij
]
λkj
, λj = λi .
(C18b)
Substituting (C18b) and (C17b) into (C14) gives
∂3λmj λ`jλkj
[√
piipij ln
pii
pij
]
= −
[
∂3λmj λ`jλkj
pij
]
λmi λ
`
iλ
k
i
(C19)
+
1
4pi2i
[
∂λmj pij
]
λmj
[
∂λ`jpij
]
λ`j
[
∂λkj pij
]
λkj
.
The first RHS term vanishes upon integration for the
same reasons as (C13). Thus, the leading-order approxi-
mation of (C1) in the small-∆λ limit is
〈βWTSSex 〉ji ≈ (C20)
∆λmji∆λ
`
ji∆λ
k
ji
4!
∫
1
pi2i
[(
∂λmj pij
)(
∂λ`jpij
)(
∂λkj pij
)]
λi
dx .
Using ∂λkj lnpij =
1
pij
∂λkj pij (and evaluating the result-
ing expression at λj = λi) simplifies the integral to the
expectation of three derivatives of the log-probability,
〈βWTSSex 〉ji
≈ ∆λ
m
ji∆λ
`
ji∆λ
k
ji
4!
〈(
∂λmj lnpij
)(
∂λ`j lnpij
)(
∂λkj lnpij
)〉
λi
(C21a)
=
∆λmji∆λ
`
ji∆λ
k
ji
4!
Sm`k(λi) , (C21b)
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where third-rank tensor Sm`k(λ) is the leading-order non-
Gaussian approximation of the log-probability in the
limit of small ∆λ [54]. Sm`k is related to the flexion
tensor used in the analysis of astrophysical image data.
The name ‘flexion tensor’ derives from the original use of
flexion as a measure of third-order distortions in astro-
physical images due to weak gravitational lensing [55, 56].
For a physical system in contact with a heat reservoir,
the derivative of the log-probability is
∂λk lnpi = β (fk|λ + ∂λkF (λ)) (C22a)
= δfk|λ (C22b)
where fk|λ ≡ −∂λkE(x|λ)|λ is the generalized force
conjugate to control parameter λk at λ, and F (λ) =
〈E〉λ − TS = −λk〈fk〉λ − TS is the equilibrium free en-
ergy at λ.
Substituting (C22) into the TSS excess work (C21b)
gives
〈βWTSSex 〉ji ≈
1
4!
∆λmji∆λ
`
ji∆λ
k
ji〈δfmδf`δfk〉λi , (C23)
for third centered moment 〈δfmδf`δfk〉λi of the general-
ized forces at chemical state λi.
This analysis shows two primary features: in the TSS
limit the excess work due to an autonomous subsystem
discretely transitioning between states can be calculated
exactly through (8b), and in the small-∆λ limit, the
leading-order contribution to the TSS excess work (C21b)
is O(∆λ3). Furthermore, for physical systems in contact
with thermal reservoirs, the third-rank flexion tensor can
be expressed as a matrix of third centered moments of the
conjugate forces (C23).
Appendix D: Nonequilibrium excess work in
autonomous systems
Here we consider the additional excess work in a system
driven out of equilibrium by biased chemical dynamics.
In particular, we write the total excess work associated
with a particular chemical transition λi → λj as the sum
of two components
〈βWex〉ji = 〈βWTSSex 〉ji + 〈βW neqex 〉ji , (D1)
where 〈βWTSSex 〉ji is the excess work in the timescale-
separated limit (Appendix B), and 〈βW neqex 〉ji is the
nonequilibrium excess work, the additional excess work
required of the chemical dynamics due to the mechanical
subsystem being out of equilibrium.
In order to give a general form for the nonequilibrium
excess work, we appeal to linear-response theory. Specif-
ically, we evaluate the integral expression
〈W 〉ji = (D2)∫
[E(x|λj)− E(x|λi)] pneq(x, t)pdwellji (x, t) dx dt ,
the total work done on the mechanical subsystem by the
chemical dynamics for a transition λi → λj , averaged
over mechanical states x and times t. pneq(x, t) is the
nonequilibrium distribution over mechanical states x at
time t, and pdwellji (x, t) is the dwell-time distribution for
the λi → λj transition while in mechanical state x. We
assume that at the microstate level, the chemical jump
dynamics are Markovian with dwell-time distribution
pdwellji (x, t) = R
x
jie
−Rxjit , (D3)
with rates Rxji given in (3).
We make a weak-perturbation approximation, Tay-
lor expanding the energy landscape E(x|λj) around
E(x|λi):
E(x|λj) ≈ E(x|λi) + [∇λ · E(x|λ)]λi (λj − λi) (D4a)
= E(x|λi)− fk|λi∆λkji . (D4b)
This simplifies the rates (3) to
Rxji = Γji e
− 12β[E(x|λj)−E(x|λi)] (D5a)
≈ Γji e 12βfk|λi∆λkji (D5b)
≈ Γji
(
1 + 12βfk|λi∆λkji
)
, (D5c)
where Γji ≡ Γ exp
{− 12β∆µji}. Substituting (D3),
(D5b,c), and (D4) simplifies the excess work (D2) to
〈W 〉ji ≈ −Γji∆λkji
∫
fk|λi(x)pneq(x, t)e−
1
2β∆Ejie−Γji(1+
1
2β∆Eji)t dx dt (D6a)
≈ −Γji∆λkji
∫ ∞
0
e−Γjit
{ ∞∑
n=0
(−1)n
n!
(Γjit)
n
∫
fk|λi(x)
(
1
2β∆Eji
)n
pneq(x, t)e
1
2β∆Eji dx
}
dt , (D6b)
where ∆Eji ≡ fk|λi(x)∆λkji. The second line Taylor
expands exp{−Γji 12β∆Ejit} about t = 0.
We now simplify (D6) using linear-response theory, ef-
fectively assuming that the most recent chemical transi-
tion is the dominant contribution to the present mechan-
ical distribution [38]. The true ‘initial’ distribution over
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mechanical states following the previous chemical transi-
tion λ` → λi is the (nonequilibrium) switching-position
distribution pswi` (x, t). We approximate the difference be-
tween the mean conjugate force during relaxation from
the previous nonequilibrium switching-position distribu-
tion pswi` (x, t) and at the (next) nonequilibrium switching-
position distribution pswji (x, t) (that enters into the exact
nonequilibrium excess work 〈βW neqex 〉ji), by the differ-
ence between the mean conjugate force during relaxation
from the previous equilibrium distribution pi`(x) and at
the current equilibrium distribution pii(x). Due to the
symmetries of the model, these two pairs of distributions
should differ by similar amounts. This substitution of
one mean excess conjugate force for another is accurate
when the conjugate forces fx|λi are approximately linear
in x for all x with significant probability in pneq(x, t),
pswji (x, t), and the intervening relaxation. This approxi-
mation is trivially satisfied for a harmonic confining po-
tential (such as in Sec. IV A) where conjugate forces are
always linear, and approximately satisfied for more gen-
eral cases in the small-∆λ limit.
First-order Taylor expanding the mechanical potential
E(x|λ`) around λ` = λi (similar to (D4)) gives an ap-
proximate form for the previous equilibrium distribution
pi`(x) =
1
Z`pii(x)e
−β∆Ei` . (D7)
Thus, using pi`(x) as the initial condition for pneq(x, t)
at t = 0, we use linear-response theory to approximate
the spatial integral in the nth term of (D6b) in terms of
correlation functions [57]:
I
(n)
k (t) ≡
∫
g
(n)
λi
(x)pneq(x, t)e
− 12β∆Eji dx (D8a)
=
1
Z`
∫
g
(n)
λi
(x)pii(x) e
−β∆Ei`e
1
2β∆Eji dx (D8b)
≈
〈
g
(n)
λi
〉
λi
−
〈
g
(n)
λi
(t)β∆Ei`
〉
λi
(D8c)
+
〈
g
(n)
λi
〉
λi
〈β∆Ei`〉λi +
1
2
〈
g
(n)
λi
(t)β∆Eji
〉
λi
.
Here the angle brackets 〈· · · 〉λi indicate an average
over the equilibrium distribution pii(x), and g
(n)
λi
(x) ≡
fk|λi(x) (β∆Eji)n.
To calculate the nonequilibrium excess work beyond
the TSS work (B7) outlined in Appendix B, we subtract
the linear-response approximation to the TSS work from
(D8c). The approximate TSS work (including the free
energy change), within the linear-response approxima-
tion of g
(n)
λ (x) averaged over the equilibrium switching-
position distribution pswji (x), is
〈g(n)λi 〉swji =
1
Zswji
∫
g
(n)
λi
(x)pswji (x) dx (D9a)
≈ 1Zswji
∫
g
(n)
λi
(x)pii(x)
(
1 + 12βfk∆λ
k
ji
)
dx
(D9b)
=
〈
g
(n)
λi
〉
λi
+
1
2
〈
g
(n)
λi
(t)β∆Eji
〉
λi
, (D9c)
which simplifies I
(n)
k (t) to
I
(n)
k (t) =
〈
g
(n)
λi
〉sw
ji
(D10)
− β
[〈
g
(n)
λi
(t)∆Ei`
〉
λi
+
〈
g
(n)
λi
〉
λi
〈∆Ei`〉λi
]
.
The first RHS term approximates the TSS work, so
subtracting 〈g(n)λi 〉swji from both sides gives
δI
(n)
k (t) ≡ I(n)k (t)−
〈
g
(n)
λi
〉sw
ji
(D11a)
= −β
n+1
2n
∆λk
′
i`
(
∆λk
′
ji
)n
〈δfn+1k (t)δfk′(0)〉λi . (D11b)
Beyond the leading-order (n = 0) contribution, every
term is O(∆λ2) or higher, hence beyond the approxima-
tion made in (D10).
In (D6), when the relaxation rates of the force auto-
covariances 〈δfk(0)δfk′(t)〉λi are significantly larger than
Γji, the Taylor series is well-approximated by its leading
term:
∞∑
n=0
(−1)n
n!
(Γjit)
n
∫
g
(n)
λi
(t)pneq(x, t)e
− 12β∆Eji dx
≈ −β∆λki`〈δfk(t)δfk′(0)〉λi +
〈
g
(0)
λi
〉sw
ji
. (D12)
This approximation amounts to a statement of timescale
separation between the chemical and mechanical dynam-
ics, when the mechanical degrees of freedom relax signif-
icantly faster than the chemical-state dynamics. For in-
stance, if the force autocovariance decays exponentially,
〈δfk(t)δfk′(0)〉λi ∝ exp{−krelaxt}, then this approxima-
tion (D11b) holds when krelax  Γji.
Substituting (D12) in the work (D6) and subtract-
ing the linear-response approximation to the TSS work
〈g(0)λi 〉λi from both sides, gives the nonequilibrium excess
work
〈W neqex 〉ji|` ≈ (D13)
βΓji∆λ
k
ji∆λ
k′
i`
∫ ∞
0
〈δfk(t)δfk′(0)〉λie−Γjit dt ,
which is the excess work required for the λi → λj transi-
tion (given that chemical state λ` immediately precedes
λi), beyond the work required in the TSS limit. The
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average 〈· · · 〉ji|` is conditioned on the previous chemi-
cal state λ`. Once again, we expand the exponential
as exp{−Γjit} ≈ 1 (based on the same approximation
simplifying the Taylor series in (D12)), simplifying the
nonequilibrium excess work (D13) to
〈W neqex 〉ji|` ≈ Γji∆λkji∆λk
′
i`β
∫ ∞
0
〈δfk(t)δfk′(0)〉λidt
(D14a)
= Γji∆λ
k
ji∆λ
k′
i` ζkk′(λi) (D14b)
where ζkk′(λ) ≡ β
∫∞
0
〈δfk(0)δfk′(t)〉λdt is the general-
ized friction tensor originally derived for continuous, de-
terministic control [30].
This approximation depends on three chemical states:
λ`, λi, and λj . To eliminate the dependence on λ`,
we average over λ`, weighted by P`Vi`/Vi∗, the coarse-
grained transition rate of λ` → λi divided by the total
transition rate Vi∗ ≡
∑
s PsVis into state λi. Thus within
the linear-response regime, the average excess work for
transition λi → λj , averaged over dwell-time fluctua-
tions and previous states, is
〈βW neqex 〉ji ≈
βΓji
Vi∗
∆λkjiζkk′(λi)
∑
s
PsVis∆λ
k′
is . (D15)
The corresponding approximate nonequilibrium excess
power is
〈βPneqex 〉Λ→X ≈
∑
ji
Pi〈βPneqex 〉ji (D16a)
=
∑
ji
PiVji〈βW neqex 〉ji (D16b)
≈
∑
ji
Pi
βVjiΓji
Vi∗
∆λkjiζkk′(λi)
∑
s
PsVis∆λ
k′
is . (D16c)
All terms in (D16) can be determined from coarse-grained
observations, aside from the generalized friction tensor
ζkk′(λ), a phenomenological quantity determined from
conditional equilibrium measurements of the mechanical
degrees of freedom.
Equation (D16) can be greatly simplified in particu-
lar scenarios. For instance, we consider a system with a
single chemical coordinate (one-dimensional λ) with uni-
form step sizes ∆λ, a uniform generalized friction ζ, uni-
form forward and reverse coarse-grained rates V±, and
equal coarse-grained probabilities (Pi = P ) for all i).
The average excess work for a forward (+) or reverse (−)
step is
〈βW neqex 〉± ≈ ±βζΓ±∆λ2
V+ − V−
V+ + V−
. (D17)
Here, Γ± ≡ Γ exp{± 12β∆µ}, for chemical potential dif-
ference ∆µ for a forward chemical step. The ± prefactor
in (D17) reflects that, on average, forward steps require
positive work input while reverse steps require negative
work input. Thus the average work done for any chemical
transition (forward or reverse) is the mean of 〈βW neqex 〉+
and 〈βW neqex 〉−, each term weighted by the corresponding
± jump probabilities:
〈βW neqex 〉∆λ ≈
V+〈βW neqex 〉+
V+ + V−
+
V−〈βW neqex 〉−
V+ + V−
(D18a)
= βζ∆λ2
V+ − V−
(V+ + V−)2
(V+Γ+ − V−Γ−) . (D18b)
Appendix E: Simulation details
In the harmonic model systems (Sec. IV A), the me-
chanical coordinate is simulated using an overdamped
Langevin equation:
dx = −βD∂xE(x|λ) dt+
√
2D dW (t) , (E1)
whereD is the diffusion coefficient andW (t) is a standard
Wiener process. The chemical transitions are governed
by the coarse-grained discrete master equation
P˙j =
∑
i
PiVji , (E2)
where Pi =
∫
p(x, t|λi) dx is the coarse-grained probabil-
ity of chemical state λi and
Vji =
∫
Rji(x)p(x, t|λi) dx (E3)
is the coarse-grained rate of chemical transition λi →
λj . For a system at steady state, the coarse-grained
rates (E3) become time-independent.
We implement the joint mechanochemical dynamics
using kinetic Monte Carlo [58], where the probability of
a chemical transition λi → λj occurring in a given time
step ∆t is determined by the current system state xt and
the transition rate Wji(xt). Specifically, the probabil-
ity of a transition λi → λj occurring for a system in
state xt in a time interval between time t and t + ∆t is
1− exp{−Rji(xt)∆t}∆t.
In the model for a linear-transport motor (Sec. IV A),
the nonequilibrium excess work (14) equals the sum
of changes ∆Eji = E(xt|λj) − E(xt|λi) in mechani-
cal state energy during chemical transitions. In par-
ticular, for a trajectory with NΛ chemical transitions
λ0 → λ1 → · · · → λNΛ , with each transition occurring
at times tλ10 , tλ21 , · · · , tλNΛ,NΛ−1 , the average excess work
per step is
〈βW neqex 〉∆λ =
βW
NΛ
(E4a)
=
β
NΛ
NΛ−1∑
i=0
E(xti+1,i |λi+1)− E(xti+1,i |λi) . (E4b)
The work equals the nonequilibrium excess work in (E4b)
because, for this system the equilibrium free energy
change is zero (∆Fji = 0) and 〈βWTSSex 〉ji = 0.
